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New logic circuits are designed which employ as information bits the flux-quantum vortices occurring in 
Josephson junctions of extended dimensions. It is shown that Josephson lines can be interconnected in 
certain direct ways so that complete logic capability can be achieved with networks of Josephson lines 
alone. 
PACS numbers: 74.50.T. 85.25. 
I. INTRODUCTION 
Recently there has been a great deal of interest in the 
study of computer elements utilizing the Josephson 
effect. 1,2 In particular the use of a Josephson junction 
of extended dimension in information storage and pro-
cessing circuity has received some consideration. 3-5 
The purpose of this paper is to discuss the new logic 
design USing long Josephson lines which are described 
by the sine-Gordon equation6 having a loss term and a 
bias term. 7-10 It is pointed out that Josephson lines can 
be interconnected in certain direct ways so that com-
plete logic capability can be achieved with networks of 
Josephson lines alone. In our logic design single quanta 
of magnetic flux are employed as information bits. We 
shall discuss the flux quantum as an information bit and 
the equation of the long Josephson line transmitting flux 
quanta, characteristics of Josephson line and collision 
of flux quanta on it, characteristics of terminus of the 
line, characteristics of turning points, baSic circuits, 
and design of a logic circuit in Secs. II, III, IV, V, VI, 
and VII, respectively, 
II. FLUX QUANTUM AND LONG JOSEPHSON LINE 
It is well known that a quantized flux can exist in the 
inSide of a Josephson junction, 11,12 a weakly coupled 
superconductor,13 and a type-II superconductor in the 
(a) 
(b) 
FIG. 1. (a) Symbols for standing flux quanta with polarity. 
(b) Symbols for propagating flux quanta with polarity. 
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mixed state. 14 In the present paper it is proposed that 
logic devices can be designed by employing the flux 
quanta as information bits. The polarity of a flux quan-
tum is of importance to the logiC design study. The 
symbol used for the flux quantum with polarity is in-
dicated in Fig. 1. In the following discussion the flux 
quantum occurring in a Josephson junction of extended 
dimension is conSidered, because the dynamics of the 
motion of a flux quantum in a Josephson junction is 
analyzed by the sine-Gordon equation12 and its extended 
form. 3,7-11 Figure 2 shows the long Josephson-junction 
transmission line which consists of two superconductor 
strips separated by an oxide layer which is thin enough 
to permit coupling of the superconducting wave functions 
or tunneling of super conducting electrons, and which 
includes the effects of losses associated with the flow 
of normal electrons parallel to the junction in addition 
to losses associated with normal electrons tunneling 
through the junction and a distributed-bias current 
source. 7 The symbols used for the line are also indi-
cated in Fig. 2. This Josephson line of one dimension 
is described by the following normalized nonlinear 
partial differential equation9 : 
a3 ¢ a2 ¢ a2 ¢ a¢ . 
Kax2af +ax2 ---;Jj2-rTt =Slll¢-y, (1) 
where ¢ is the quantum -mechanical phase difference 
across the junction, K and r represent losses in the 
line, and y represents a bias. In this paper the com-
puter simulation of the Josephson line is carried out by 
using the finite-difference method9 for Eq. (1) with 
(a) 
(b) (c) 
FIG. 2. (a) Josephson-junction line with a distributed-bias 
current. (b) Symbol for a Josephson line of upper view. (c) 
(c) Symbol for a Josephson line of lateral view. 
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FIG. 3. Symbols for Josephson lines which include a flux 
quantum. 
K = 0, and the digital computer NEAC 2200/700 in the 
computer center of Tohoku University. Figure 3 shows 
the symbols used for the Josephson line which includes 
a flux quantum. 
III. CHARACTERISTICS OF LINE AND COLLISION 
OF FLUX QUANTA 
The propagation of flux quanta of a Josephson line has 
been studied by many investigators. 3,7-12 One flux quan-
tum can propagate stably down the Josephson line, 7-9 
and its velocity is fixed by the loss and the bias of the 
line. 7-9 The propagating direction is determined by the 
polarity of the flux quantum and the flow direction of 
the bias current. 7-9 Therefore on the line with bias, 
two flux quanta with the same polarities cannot carry 
out the head-on collision, but two flux quanta with oppo-
site polarities can carry out the head-on collision. 8,9 In 
the case of the head-on collision of two flux quanta with 
opposite polarities, they are annihilated or pass through 
each other depending upon the loss and bias. 8,9 Accord-
ing to the computer simulation, for instance, when 
r =0. 3 and'Y is smaller than about 0.3, two flux quanta 
steadily propagating in opposite directions are annihi-
lated after collision, but when r == 0.3 and 'Y is larger 
than about 0.4, they pass through each other, and if 
r = 0.1 and'Y is larger than about 0.1, they also pass 
through each other. 9 
The result of annihilation and passing phenomena are 
considered to be related to the incoming and outgoing 
energy of each flux quantum which propagates and 
collides on the line. Figures 4-7 show the values of 
H [=J (tcf>~ +tcf>~ +l-coscf»dx], w (=Hcf>;dx), HI 
(=Jtcf>:dx), F[==J(rcf>~+Kcf>~t-'Ycf>I)dx, K==O], andF' 
(= J -'Ycf>ldx) with regard to the line and flux quanta 
which collide with each other as a function of time, 
where H, HX, and HI are derived from the energy den-
sity of the sine-Gordon equation, 6 and F and F' are 
derived from the power balance equation of the equiva-
lent electrical circuit. 7 When the two flux quanta collide 
at first, it can be seen from Figs. 4-7 that H X is only 
H(t) f=0.3 1"=0.3 
FIG.4. H(t) [=1 (!q,;+!q,f+l-cosq,)dx]. 1fX(t) (=Hq,;dx). and 
IfI (t) (= 1 !q,~ dx) with regard to the line and the flux quanta 
which collide and annihilate each other. 













FIG. 5. F(t) [= 1 (I'q,~ - yq,t) dx] and F'(t) (= 1 - yq,t dx) with re-
gard to the line and the flux quanta which collide and annihilate 
each other. 
once entirely converted into HI, so the amount of the 
dynamic loss increases sharply, but the energy incom-
ing to the flux quanta increases only a little, namely, 
H decreases as F increases sharply and F' decreases 
a little. Next, HI, which is being dissipated by the loss, 
starts to be converted into H", and this time if Ht be-
comes zero, the two flux quanta are annihilated and 
their energy is radiated onto the line and dissipated by 
the loss of the line. But in the case that Ht does not 
become zero, the energy incoming from the bias source 
is continued and overcomes the energy outgoing caused 
by the loss, and the two flux quanta can pass through 
each other, then H recovers the precollision value and 
F comes to zero because of the power balance. 
In our design of logic devices, two kinds of Josephson 
lines having annihilating and transmitting characteris-
tics for colliding flux quanta are very important. The 
line on which two flux quanta are annihilated after 
collision is represented as the D (destructive) line, and 
the line on which two flux quanta pass through each other 
after collision is represented as the N (nondestructive) 
line in this paper. 
r =0.3 
("=0.4 
HCt) f K 
-~-~V~--
--~:~~~~~~----~~---------~ 
FIG. 6. H(t) [=1(!<p;+!q,~+1-cosq,)dx].1fX(t) (=1!<p;dx), and 
IfI (t) (= 1 !<P~ dx) with regard to the line and the flux quanta 
which collide and pass through each other. 
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FIG. 7. F(t) [= J (r<p~ - Y<Pt) dx] and Pit) (= J - Y<Pt dx) with re-
gard to the line and the flux quanta which collide and pass 
through each other. 
IV. CHARACTERISTICS OF TERMINUSES 
It is considered that the most probable boundary con-
dition of the terminus of a Josephson line is the 
following: 
~! I tennl.u. == 0, (2) 
where ¢ is a quantum-mechanical phase difference. In 
other words, the circuit is open: 
i I terminus = 0, (3) 
where i is a current propagating on the Josephson 
line. 11 In the case of this boundary condition a flux quan-
tum which arrived at the terminus of the line after 
propagation is reflected having the inverse polarity or 
is annihilated and does not reflect, depending upon the 
values of bias and loss. As an example the results on 
the reflection at the terminus are shown in Fig. 8. In 
this figure when r = o. 3 and y is smaller than 0.3, the 
propagating flux quantum arriving at the terminus can-
not reflect and is annihilated; when r = 0.3 and y is 
larger than 0.4, the flux quantum is reflected having 
the inverse polarity. Also, when r == 0.1 and y is larger 
RL~ _ = 
R*=_=+ 
r=Q31 RL 1 I R 
r=0.11 I R 
o y 
I I 
FIG. 8. Reflection or reflectionless phenomena of terminus as 
a function of Y for two values of r. Solid thick lines of R Land 
R in this figure show the regions where our computer simula-
tion is carried out. 
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(a) ~ (b) 
FIG. 9. (a) Symbols for reflectionless terminuses. (b) Symbols 
for reflective terminuses. 
than about 0.1, the flux quantum is reflected having the 
inverse polarity at the terminus. These results, as 
well as the case of head-on collision on the line, are 
considered to be related to the incoming and outgoing 
energy of the flux quantum at the terminus. These two 
kinds of terminus at which a propagating flux quantum 
is reflected or annihilated not to reflect, depending on 
the values of y and r, are also important for the logic 
design study. The symbols used for two kinds of termi-
nuses are indicated in Fig. 9. 
V. TURNING POINTS 
The turning pOints of the Josephson line are of great 
use on our logic design study. Two kinds of turning 
points will be discussed in this section. The first which 
is named TTP (trigger turning point) from the analogy 
of a neuristor15 is shown in Fig. 10. The symbol used 
for TTP is also shown in this fIgure. The characteris-
tics of TTP which are numerically analyzed by the two-
dimensional equation have been reported by the 
authors. 9 For TTP of the one-dimensional line, the 
boundary condition is written as follqws: 
(4) 
where ¢u ¢2' and ¢3 are the quantum-mechanical phase 
differences across the junction for the branches 1, 2, 
and 3, respectively. The fundamental nature of TTP 
that a single flux quantum propagating toward the TTP 
on anyone line will initiate a single flux quantum on all 
connected lines. This phenomenon is shown schemati-
cally in Fig. 11. 
The second turning point which is named STP (selec-
tive turning point) is shown in Fig. 12. The symbol 
used for STP is also shown in this figure. The boundary 
condition for STP can be discussed by using Fig. 13. 
It is assumed that the behavior of the superconductor 
is described by a single wave function IJ1 • 2 The quantum-






FIG. 10. (a) T turning point of 
Josephson line. (b) Symbol for 
TTP. 
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FIG. 11. Fundamental nature of TTP. 
writtenl,2 
(5) 
The quantum-mechanical phase difference across bar-
rier 2 (<P2) or barrier 3 (<P3) can be written in the same 
form. At the turning point (x=O, z=O), <PI> <P2' and <P3 
are written, respectively, in the following form: 
<PI = arg>Ir (x == 0-, z = 0+) - arg>Ir(x = 0-, z = 0-), 
<P2 = arg>Ir(x == 0+, z = 0) - arg>Ir(x= 0-, Z = 0+), 
<P3=arg>Ir(x=0-, z=O-) -arg>Ir(x=O., z=O). 
Therefore the relation between <PI' <P2' and <P3 at the 
turning point is 
(6) 
Thus Eq. (6) is the boundary condition for analyzing the 
STP shown in Fig. 12. 
The mechanical analogue8 of the STP can be con-
structed by uSing a differential gear by which the angles 
of three rotating axles can be arranged to have the 
following relation: 
(7) 
where 81> 82 , and 83 are the angles of the three rotating 
axles. This differential gear is shown in Fig. 14. 
Therefore the logic designs based on the turning pOints 
of the line which are proposed in Secs. VI and VII can 
be materialized also by using mechanical analogues of 
the line8 ,9 and each turning point. The mechanical 
analogue of STP uSing the differential gear can be easily 
extended to the case of the turning point which has more 
than three branches. From Eq. (6) and the characteris-








FIG. 12. (a) S turning 
point of Josephson line. 
(b) Symbol for STP 




barrier 1 Z < 0 
superconductor 
X<O 
FIG. 13. Definition of junction coordinate system for the 
boundary condition of STP. 
gle flux quantum propagating toward the STP on one 
line will initiate a single flux quantum on only one con-
nected line, and that determining which line the single 
flux quantum propagates down depends upon the bias 
current of each line, the local applied magnetic field, 
and the junction geometry. Figures 15 and 16 show the 
results obtained by numerical analyses for the behavior 
of a single flux quantum propagating toward the STP as 
a function of the bias current of each line. On this com-
puter simulation the line constants L, C, g, Jc 8,9 of 
each line of the STP are adopted to be same. It can be 
seen from Figs. 15 and 16 that if biases 1'1 and 1'2 are 
relatively small, a flux quantum propagating toward the 
STP on line 1 cannot pass through the turning point. 
However, if the biases are relatively large, flux quan-
tum propagating on line 1 can pass through the STP and 
is initiated on either line 2 or line 3 (i. e., the line on 
which the bias current is supplied). If the biases of 
three lines become larger, the flux quantum propagating 
toward the STP on line 1 initiates a flux quantum into 
both lines 2 and 3, and also initiates a flux quantum 
into both lines 2 and 3, and also initiates a flux quantum 
with negative polarity on line 1. The important two 
characteristics of the STP used on our logiC design in 
FIG. 14. Differential gear by which the angles of three rotating 
axles are arranged to have the relation 61 = ~ +63, 
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o 0.5 1.0 
FIG. 15. Behavior of a single flux quantum propagating toward 
the SI P as a function of the bias current of each line with r 
= 0.3 •• denotes that a single flux quantum halts at the turning 
point after propagating toward the STP. Symbols 1, 2, and 3 
denote that a single flux quantum is initiated into lines 1, 2, 
and 3, respectively, after passing through the STP. 0 denotes 
the phenomenon shown in Fig. 17 (b). 
this paper are shown schematically in Figs. 17(a) and 
17(b). The STP's having the characteristics shown in 
Figs, 17(a) and 17(b) will be called by SoTP and SlTP, 
respectively. Figures 18(a) and 18(b) show the symbol 
used for SoTP and the symbol used for SlTP. In Fig. 
18(a) if a single flux quantum with polarity (for exam-
ple, +) propagates toward the SoTP on line 1, it will 
initiate a single flux quantum into line 2, and if a single 
flux quantum with polarity (-) propagates toward the 
SoTP on line 2 or 3, it will initiate a single flux quantum 
( -) into line 1. It is also obtained on the So TP, by our 
computer simulation, that if only a single flux quantum 
( +) propagates toward the So TP on line 1, it will initiate 
a single flux quantum (+) into line 2 as shown in Fig. 
19(a), but if flux quanta (+) and (-) propagating on the 
lines 1 and 3, respectively, arrive at the turning point 
of So TP at the same time, the flux quantum (-) is ini 
initiated into line 1, and the flux quantum (+) is initiated 
r=O.l 
2 
'3 = sin(sin-1r, - sin-1l2) 
~ ~ 1 3 1.0 13='i2-- 10 r.;= r:f'--
J,"" 2 
11 ,0' >,l,O Y, 
, Y3eO 
/ 
B' f , ·f 
0.5 , 2 0.5 
~' 2' 1)<0 ,1 .1' 1)<0 , 
, 
~ .2' ,1 ,1' 
/. ,I.' 
,~,. 
0 0.5 J2 
to 0 0.5 12 
1.0 
FIG. 16. Behavior of a single flux quantum propagating toward 
the SIP as a function of the bias current of each line with r 
= 0.1. • denotes that a single flux quantum halts at the turning 
point after propagating toward the STP. Symbols 1, 2, and 3 
denote that a single flux quantum is initiated into lines 1, 2, 
and 3, respectively. after passing through the SIP. 0 denotes 
the phenomenon shown in Fig. 17(b). 
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FIG. 17. (a) One of the operating types of STP. (b) Another 
operating type of STP. 
into line 3 instead of line 2, as shown in Fig. 19(b). The 
SoTP utilizing this characteristic will be called StiTP 
in this paper. The symbol used for StiTP is indicated 
in Fig. 19(c). 
VI. BASIC CIRCUITS 
Basic circuits on the logic design study and some 
circuits with equivalent characteristics to the basic cir-
cuits are proposed in this section. These circuits are 
shown in Fig. 20. In the case of the circuits shown in 
Fig. 20(a), a propagating flux quantum is annihilated 
at the terminus or on the D line. In the case of the 
circuits shown in Fig. 20(b), two propagating flux quanta 
are annihilated after the head-on colliSion. The function 
of the circuits in Fig. 20(c) is that a propagating flux 
quantum initiates a flux quantum on both connected lines 
at the turning point. In the case of the left-hand side of 
Fig. 20(d), if a flux quantum (-) is not initiated into 
line 3, a flux quantum (+) propagating on line 1 passes 
the turning point and is transferred into line 2, but if 
flux quanta (+) and (-) are initiated into the lines 1 and 
3, the two flux quanta are annihilated on line 1 after the 
head-on collision, and there is no propagating flux 
quantum on line 2. It is possible to design other logic 
(a) (b) 
FIG. 18. (a) Symbol for SoTP. (b) Symbol for SlTP. 
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FIG. 19. (a) One of operating types of SoTP. (b) Another oper-
ating type of SoTP. (c) Symbol for StTP which is the SoTP 
utilizing the operating type shown in (a) and (b). 
~ 











FIG. 20. Basic circuits of the logic design using the Josephson 
line and some circuits with equivalent characteristics to the 
basic circuits. 
1625 J. Appl. Phys .• Vol. 47. No.4. April 1976 
ExclUSive OR OR 
STORAGE RING 
SET ;- - - - -: 
AND NOT 
FIG. 21. Logic circuits having the function of Exclusive OR, 
OR, AND, and NOT which are composed of D lines, TTP's, 
SoTP's, and reflectionless terminuses. 
FIG. 22. Movements of flux quanta on the Exclusive OR 
circuit. 
-xsr~4 X2 
-X1c!-X3 • X61 g XY-- Y1-tY3 
Y2 
-YS.iLY4 








X4. Y4 ·o.~ cO.1:::::J e.S: 
C,d ~fx 





XY ] co.1---.x 
g OUTPUT 
FIG. 23. The fixed-bias values of the Exclusive OR circuit 
simulated by computer. 
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FIG. 24. Logic circuits having the functions of Exclusive OR, 
OR, and AND which are composed of D lines, SoTP, SjTP, 
reflectionless terminuses, and reflective terminuses. 
networks replacing each element of the logic designs 
proposed in Sec. VII by the circuits having the equiva-
lent characteristics shown in Fig. 20. These replace-
ments may cause the networks to work more speedily 
or to be constituted more easily or conveniently for a 
Josephson junction or weak-link lines. 
VII. LOGIC DESIGN OF NETWORKS 
Using the various characteristics of the line, termi-
nus, and turning point presented in Secs. II-VI, logic 
circuits for Exclusive OR, OR, AND, and NOT are pro-
posed in this section. Figure 21 shows the logic circuits 
using the Josephson line which are composed of D lines, 
TTP's, SoTP's, and reflectionless terminuses. The 
function of the Exclusive OR circuit as shown schemat-
ically in Fig. 22 have been confirmed by computer si-
mulation. On this Simulation the loss r of all lines is 
assumed to be 0.3 and the bias is fixed as shown in 
Fig. 23. The functions of OR, AND, and NOT circuits 
shown in Fig. 21 can be understood by analogy with the 
behavior of flux quanta shown in Fig. 22. These circuits 
can also accomplish their functions having fixed biases 
over the entire access time of the circuits. Figure 24 
shows the logic circuits which are composed of D lines, 
SoTP's, SITP's, reflectionless terminuses, and reflec-
tive terminuses. In these circuits the TTP element is 
not used for the convenience of the circuit constitution 
using superconducting weak links. 13 The function of the 
OR circuit, as shown schematically in Fig. 25, was 
confirmed by computer simulation. On this Simulation 
the loss factor r of all lines is assumed to be O. 3 and 
the bias is fixed as shown in Fig. 26. The circuits of 
Exclusive OR and AND shown in Fig. 24 can also 
accomplish their functions having fixed biases over the 
:11 .. ----'.1 .. ~ li,~ .. ~ 1 1 i 1 
~-*J .. ~ 1 i I .. ~ I ,b "~1+ 1. 1 
~~ .. ~ I. I .. ~ I ,+ot "~1+ Ii 1 
FIG. 25. Movements of flux quanta on the OR circuit. 
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FIG. 26. The fixed-bias values of the OR circuit simulated by 
computer. 
entire access time of the circuits. As previously de-
scribed in Sec. VI, if one uses the S~ TP, logic circuit 
can be constructed USing the N line in place of the D 
line. Access time of circui.ts using the N line may be 
much shorter compared with that of the D line. 
VIII. CONCLUSIONS 
Logic circuits shown in Figs. 21 and 24 may be 
fabricated by, at most, several vacuum evaporations 
to prepare superconducting films. For example, the 
ExclUSive OR circuit shown in Fig. 21 is composed of 
three sheets of superconducting films. But it is felt that 
further study is needed on the methods to supply each 
desired part of the circuit with bias currents and the 
techniques to prepare uniform and stable fine supercon-
ducting and insulating films. 
Typical values of Josephson length AJ and the limiting 
velocity Uo of junctions obtained experimentally are the 
following: AJ = 10-3 to 10-6 (m); Uo = 107 to 106 (m/sec). 
The propagating path of a flux quantum from input to 
output in each network circuit is about from 50A J to 
100AJ on our computer Simulations. 
By USing Josephson lines, it is possible to design not 
only the logic circuit, but also the memory elements 
which store the information represented by flux quanta 
standing still on a Josephson line or propagating on a 
loop of a Josephson line. It may be feaSible to construct 
computer devices having high speed and small power 
dissipation16 characteristics using a Josephson line, 
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